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In the paper, authors report on the interdisciplinary and extremely complex link between wavelets and
stochastic processes. An insight into the history of wavelets has been provided presenting the fundamental
conception of wavelets, as well as wavelet theory that emerged from stochastic processes. The multiresolution
analysis corresponds to the Kolmogorov system which is a regular stationary stochastic process. It presents a
significant link to the measurement problem in terms of positional notation which the wavelet domain hidden
Markov model should be derived from. The optimal representation arises to be an issue requiring further

Underlying dynamics

elaboration extended to the general measurement and wavelet frames.

1. Introduction

Wavelets lie on the boundary of diverse scientific areas, such as
mathematics, physics, signal processing, and image processing. The
aim of wavelet studying is to give a coherent theory that should
resolve common difficulties which are met in various disciplines men-
tioned above [1]. Beside providing continuous advances in mathemat-
ical methods [2] and representation of nonstationary signals [3-5],
wavelets are successfully used in a wide range of applications [6-8].
Spanning in a variety of scientific and engineering fields, wavelets
have been recently applied to cutting-edge topics such as the outbreak
of the coronavirus [9,10], economic growth and stock analysis [11-
13], modeling and analysis of biomedical signals and systems [14,15],
characterization of nonlinear geophysical signals [16,17], information
processing in control stochastic systems [18], etc. The fact of con-
current emergence in widely differing domains indicates that wavelet
theory is a common ground for all of them and mathematics has
largely benefitted on the rediscovery of wavelets by experts from other
disciplines [1]. The above motivates the presented elucidation of an
extremely complex and interdisciplinary link to stochastic theory.

The usage of wavelets (in French ondelette [19] - little wave)
spread widely due to more than half a century long synchronous and
independent activities in mathematics, physics and signal processing.
Their employment has been inaugurated in 1909 in the dissertation
of the Hungarian mathematician Alfred Haar (1885-1933), entitled
Zur Theorie der orthogonalen Funktionensysteme, supervised by David

Hilbert, and published a year later in the Mathematische Annalen [20].
He proposed a complete orthonormal system that is not regular in terms
of continuous differentiability, which was produced via translation and
dilation of the Haar wavelet [21].

Diverse efforts that were present up to the 1980s include triangle
functions defined by Schauder and Faber in 1910-1920, the Franklin
orthonormal system from 1927, the Littlewood-Paley theory from about
1930, multifractal structure of Brownian motion analyzed by Lévy in
1930s, time-frequency Gabor atoms in signal processing from 1946,
the Calderén identity from 1960, subband coding by Croisier, Esteban
and Galand in 1975, continuous wavelet transform by Zweig in 1975,
geometry of Banach spaces given by Stromberg in 1981, pyramidal
algorithms for image processing by Burt and Adelson in 1982, Marr’s
zero-crossings in human vision from 1982, spline approximations, the
Rokhlin multipole algorithms from 1985, refinement schemes in the
computer graphics, coherent states in quantum mechanics, and renor-
malization in quantum field theory [22,23]. A multitude of them has
been consolidated during the 1980s.

Cooperation of mathematicians and physicists with geologists was
the key factor for the synthesis of previously independent achieve-
ments. Alexander Grossmann (1930-2019) and Jean Morlet (1931-
2007) defined wavelets to be some translations and dilations which are
usable for a series expansion of the signal, and Yves Meyer (1939-)
presented a wavelet which is a generalization of the Haar one [24].
French geophysicist Morlet was working for an oil company within
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which he searched for the mathematical tool that should process seis-
mic signals and get information about geological layers [25]. Since the
Fourier transform has been considered inappropriate, he proposed to
use dilations and translations of a wavelet [22,26] and developed a
cycle-octave representation having turned the time—frequency into the
time-scale analysis [27]. Grossmann was a theoretical physicist and
the mentor of investigating coherent states by Belgium mathematician
Ingrid Daubechies (1954-) who constructed wavelets that had compact
support and arbitrary high regularity [28]. Daubechies, Grossmann and
Morlet were part of a distinguished Marseille “Club of waveletters”
which published the most influential articles on wavelet theory in the
1980s. The number of papers had been permanently increasing, so that
there were identified over a thousand by the end of 1998 [29].

During the 1980s, syntheses of various disciplines brought impres-
sive achievements. The first one resulted in wavelet analysis and the
second in multiresolution analysis [30]. A French student in com-
puter vision Stéphane Mallat (1962-) recognized similarities between
wavelets and algorithms that had been used in image processing (pyra-
mid algorithms), signal processing (subband coding), and digital speech
processing (quadrature mirror filters) [23,31]. Due to his work with
French mathematician Meyer, multiresolution analysis became an es-
sential tool in the study of wavelets [32,33]. It can be intended as the
bridge connecting the digital signal on one side and the continuous
wavelet transform on the other [21].

An American mathematician Karl Gustafson (1935-) has presented
a view in which wavelets are regarded to be stochastic processes [34].
The theory arose from the time operator formalism of complex sys-
tems which had originated by the Brussels school of thermodynam-
ics [35]. Together with the Indian physicist Baidyanath Misra (1937-),
Gustafson looked at models for the decay of quantum particles, having
realized that the regular stationary stochastic process implies multires-
olution property which was an indication of the time operator [36].
Undoubtedly, quantum physics played a significant role for the formu-
lation of wavelet theory [34]. Though Daubechies had studied coherent
states, there was no relation established to multiresolution analysis and
stochastic processes [37].

Multiresolution analysis, introduced by Meyer and Mallat, corre-
sponds to the theory of Kolmogorov systems which belong to the
framework of regular stationary stochastic processes [38]. A paradig-
matic instance of the Kolmogorov automorphism has been induced
by baker‘s map, being a measure preserving transformation of the
unit square [39]. A significant link to the measurement problem in
terms of positional notation elucidates a relationship to the optimal
representation of a stochastic process [40]. In that regard, wavelet
theory concerns a perceptual psychophysics which is aimed at acquiring
structural information that the measurement should refer to [41]. The
wavelet domain hidden Markov model recapitulating statistical prop-
erties of the process has been proven tremendously useful in a variety
of applications [42]. Signal processing procedures such as compression
and denoising perform at best in respect to the optimal base [43].
A further elaboration extending it to the general measurement and
wavelet frames has been required [44].

The current paper considers that stochastic theory is an adequate
framework presenting wavelets within, which has already been cor-
roborated by notable attempts [45]. After the Introduction, Section 2
has exposed the fundamental conception of wavelets. Section 3 should
present wavelet theory emerging from stochastic processes. Results are
discussed in Section 4 and the last one contains concluding remarks.

2. Fundamental conception
2.1. Wavelet transform
From the early attempts of signal processing, it appeared clear

that the Fourier analysis failed to achieve the optimal representation.
First of all, the Fourier transform is not compatible with real-time
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transmission since integrating a function over all space. It often hap-
pens however that the function is only defined on an open domain or
transmitted through the timeline expansion. If one extends the function
by a null outside the domain, it should cause jump discontinuities
across the boundary and the Fourier transform of the artificial function
might be more sensitive to them than to the intrinsic properties of a
signal inside the domain [46].

The problem was less evident before computers became common
and began to play significant role in applied mathematics. Danish
mathematician Palle Jorgensen (1947-) has summed up computational
drawbacks of the Fourier transform in a sonant buzzword: “Computers
can’t integrate” [45]. But the point is even more problematic if one re-
alizes that computers do not handle anything that should be integrated.
An extensional concept of the function taking a nonenumerable set of
real (or complex) values over the nonenumerable set of real arguments
is merely useless in terms of any computation, which has impelled one
to proceed the data in a more pragmatic fashion [47]. Considered the
above, both the Fourier transform and the function it applies to, are
useless on the matter of computation, which brings the representational
issue to the fore.

John von Neumann (1903-1957), Dennis Gabor (1900-1979), Leon
Brillouin (1889-1969), Eugene Wigner (1902-1995), Claude Shannon
(1916-2001) et al. who had pioneered signal processing in the 1940s,
addressed the issue and advocated for some solutions [46]. But it
was not so easily resolved, demanding a synchronous effort in various
areas. The main advantage that was presented by wavelets concerns
the octave conception, which is a dyadic scale replacing frequency
in the Fourier analysis. Normalized scaling of a mother wavelet
has supplemented by the spatial translation, in order to produce a
wavelet y; , = 2"/2y(2/ - —k) which is the structural element of such a
representation. Detail coefficients D;, = (w; ;|f) should reproduce the
signal due to a decomposition f = [/ dj dk D; v, which is termed
the Calderén identity. It holds if the mother wavelet y has satisfied
the admissibility condition [ dj |#(2/¢)> = 1 almost everywhere. If
the mother belongs to L,an wherein m" is the Lebesgue measure over
R”, the reproducing identity is valid for all signals from the Hilbert
space [48].

If  belongs to L’In ., W is continuous and the admissibility implies
#(0) = 0 meaning that [ dm" y =0, i.e., the wavelet is a null-integrable
oscillatory function. Such a condition is nearly sufficient as well. If
the null-integrability holds and y is continuously differentiable, y is
admissible up to a constant factor and it has a sufficient decay [49].

The representation of a signal f via detail coefficients [ dm" ll/j*,k f
which is termed the continuous wavelet transform that involves every
real-valued scaling and every R”"-translation of the mother wavelet,
might be highly redundant. A discrete refinement should imply integer
indices which concern the reproducing identity f = ¥, D; ;- If
the redundancy is eliminated in that manner, it is about orthonormal
or biorthonormal wavelets which are some bases of the Hilbert space.
If otherwise, the mother wavelet has produced a redundant frame.

2.2. Orthonormal wavelets

Considering orthonormal bases of ern,,, one should suppose the norm
|| - || which is induced by the inner product (-|-) of the Hilbert space. In
that respect, orthonormal wavelets satisfy (y; ;| ,,) = 5’.:;". The right-
hand side exhibits the Kroneker delta symbol that has a null value if
upper and lower indices differ and a unit otherwise. The requirement
is in accordance to the property v, , = 21i/2y(2) - —k) that has produced
wavelets from the mother y.

Orthonormal wavelets refer to a specific construction in the Hilbert
space which is based upon a scale self-similarity giving rise to the
cascade family of approximation subspaces. The multiresolution anal-
ysis is a term derived from optics and computer vision [30,33], which
concerns the sequence V; satisfying axioms:
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(i) it is increasing, i.e., V; C V,yy;

(ii) the supremum is dense, i.e., W = L,zn,,;

(iii) the infimum consists of constants only, i.e., N V=0

(iv) it evolves due to the shift operator U : f(-) —» f(2:), i.e,, f €
VieUf eV

(v) the translation of a scaling function ¢ by integers should produce
¢ = ¢(-—k) which is the orthonormal base of the approximation
subspace V.

The relation between wavelets and a multiresolution analysis is
given by the sequence W, which are orthogonal complements of V;
in V,,,. If translating the function y by integers gives y(- — k) which
is an orthonormal base of W, it is regarded to be the mother of
orthonormal wavelets. A higher dimension » comes down to one-
dimensional multiresolution analysis due to the tensor factorization
12, = I*> @ -~ ® L?, that has allowed 2" variations ¢ ® - ® ¢, of

|
n

which the first one corresponds to the scaling function ¢ ® . ® ¢, and

. n
other ones to 2" — 1 mother wavelets y'. The reproducing identity is a
decomposition f = Yiik D;,kl[Ij’:,k, wherein D;,k = w/‘:’k‘f are detail
coefficients and ‘/’,'- = 21i/2yi(2) . —k) are wavelets which are produced

by their mothers [49].

In regard to the one-dimensional construction, the mother wavelet
y is immediately built from the scaling function ¢ which is termed
father wavelet. A multiresolution analysis of the Hilbert space L2 =

D ;W is representable in terms of detail subspaces W;, which are
generated by wavelets y; , = 2//2y(2) .—k). The converse issue concerns
the matter whether any orthonormal wavelet might be constructed
from a multiresolution analysis. It is true only if the mother satisfies
certain properties on regularity and localization [50].
A prototype of mother wavelet is the Haar one y(w)
+l, 0<w<?i ) )
= 1 2 implying a null value otherwise, which stems
-1, 3 <w<1
from the father ¢ = y2 that is an indicator of the unit interval I = [0, 1).
The prototypicality means that some statements concerning the Haar
wavelet are almost satisfied by anyone else, such as |w|*> ~ 1 inside I
or y ~ 0 outside of it. The symbol ~ in that respect should designate
the equality that is approximative for any wavelet, although it strictly
holds for an instance of y only.

A scaling function ¢ ~ y? of the multiresolution analysis has
produced a base ¢, ~ x2(- — k) of the approximation subspace V.
According to that, the decomposition f, = Y, A;¢(- — k) means that the
approximation coefficients should satisfy f, ~ A|.; wherein |-] denotes
the floor function. A signal f,, from V|, approximately depends on the
integer part of an argument only, which transmits to all subspaces V;
that are approximately independent of digits after the j-th one counted
from the binary point on. Since an integer k corresponds to k + I =
[k, k+1), Z is coincident to the s-algebra generated by such intervals.
In that manner, Z;, = £ has defined an increasing sequence that ap-
proximately follows the multiresolution analysis, involving dependence
on one more binary digit of the domain in each step. If f; is the
orthogonal projection of the signal f onto the approximation subspace
V;, it holds the estimate f; ~ f |Zj which is the conditional expectation

over the interval -algebra Z ;. Substracting the approximation, one gets
fix1=f; = Xy Djw; which is the orthogonal projection of the signal
onto the detail subspace W;. In respect to a multiresolution analysis,
the reproducing identity f = ¥ ;, D;,w;, has decomposed a signal
via successive scales each approximating dependence on one bit of the
argument.

2.3. Wavelet frames

Orthonormal wavelets y; , are bases of the Hilbert space, whose
reproducing identity f = ¥, D;,w;, implies detail coefficients of a
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signal f tobe D;, = <Wj,k‘ f > Such a decomposition is equivalent to
the Parseval identity ||f|I* = X, [, x| /)|*>, which should have been
valid for each signal f. If the inequality A|lf|*> < X, {w;«l/)*] <
BJ|If||*> holds, v, « is the wavelet frame for some positive constants A
and B which are termed frame bounds.

The frame might not be a base of the Hilbert space, or linearly
independent at all. But it must be the generator, since if not there is
a signal f orthogonal to each of elements. It follows that Al f|> =
Yik |02, which means that such a signal is the null only. The frame
is termed to be tight if its bounds are equal. It is the Parseval one if
both bounds are equal to 1, which implies the reproducing identity
f = Zj’k <Wj,k| f>‘l’j,k- The Parseval frame y;,, which is a base of
the Hilbert space coincides to orthonormal wavelets [51].

v is a dual frame of w;, if the reproducing identity f
=y ik <u/j,k) f > (7/7; is valid, which has reconstructed a signal f from

detail coefficients D; = <Wj,k) f > It is termed to be the canonical dual
if /; = Gw; , which means that the operator mapping one frame to the
other implies 6! : f Zj,k <y/j.k| f > v, - For any invertible operator

§ such that §y; , corresponds to the Parseval frame, the factorization
S = §'F holds. If the frame v isa base of the Hilbert space, there
is only a canonical dual i that has satisfied <1//j,k|17/7_,’,,> = 5;',;’ In
that instance, y;, and {; are biorthonormal wavelets which means
that the dual frame is also produced by a mother y. The frame Vjks
having bounds A and B, should satisfy A4 < ¥, e §)|2 < B, which
is a relaxed admissibility that applies to continuous wavelet transform
as well [52]. The reproducing identity in terms of a dual frame f =
ff djdejykup/;,:, which has implied detail coefficients D, ;, = <y/jyk‘ f>,

requires the integral [ d; ‘1/7 (Zf 6) ‘2 to be bounded by positive constants
almost everywhere [53].

A converse statement in general involves some more detail. One
defines S(¢) = ¥, |lf/(2j§)|2,f ©) =YW (27€)p™(2/(€ + 229 — D))
and f(q) = supess ), tq(2k§). A wavelet y is the mother of a frame
having bounds A and B if

A = infess S — Z VB F(—q)
q

and

B = supess S + Z VB(q) B(-q)
q

are positive constants. The mother has produced a tight frame v,
ifzﬁwa%ﬂ2=1amizﬁowcﬁ)wﬁy@+2aq—nw)=0ahmm
everywhere for each integer g. y;, are orthonormal wavelets if the
mother is moreover normalized [54].

3. Results
3.1. Wavelets on the interval

In order to present a stochastic theory of wavelets, one requires the
probability u, which is a restriction of the Lebesgue measure m onto I =
[0, 1). Orthonormal wavelets on the unit interval arise from those on the
real line R = | J; i + I via a periodization 7 = ¥, w; +(i + -). In the same
manner, a multiresolution analysis is periodized into the increasing
sequence of approximation subspaces V/ and detail subspaces Wj which
are wandering by a unilateral shift U : f(-) » f(R-) that has been

2w, 0<w< %
-1, 3<o<l

Since w =~ 0 out of I, wavelets on the interval approximate those
on the real line ¥, ~ y;, for any j > 0, which applies as well to
approximation and detail subspaces. That is the reason for using the
symbol y; , henceforward implying wavelets on the interval, and the
same for multiresolution analysis. Considering the adopted notation,
the annihilation property w;, = 0 holds whenever j < 0, which also

induced by the Rényi map Rw =
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1 space

scale
index

Fig. 1. Binary tree of detail coefficients. Each scale corresponds to one bit of the unit
interval.

means ¥, = 0, i.e., approximation subspaces having the null or the
negative index consist of constants only [54].

In that respect, orthonormal wavelets on the unit interval should
satisfy the axioms:

(i) annihilation, i.e., j <0 = y;, =0;
(ii) periodization, i.e., W; ; =¥, 40/}
(iii) translation, i.e., y; . = W) (- — %);
\/Lillfj_l,k;
(v) orthonormality, i.e., for j > 0 and 1 < k < 2/,y;; is an

orthonormal base of Li © 0, which is an orthocomplement of
constants in the Hilbert space.

(iv) evolution, i.e., Uy, , =

According to that, the reproducing identity f = A+ ¥, D; ¥«
holds on Li implying summation over basic elements. From the ax-
iom (v) it follows that vj are decorrelated random variables having
null expectation and unit variance. An immediate consequence of the
axiom (iii) is that such variables are equally distributed within each
scale. The axiom (iv) is a concise note on the evolution U Wik =
LlI’j+1,k \/Lill/,-+1,k+2/ in terms of an adjoint operator U [ e

HF) ien i . e UMD <

— which is the left inverse of U, i.e., U'U = I. Therefore U
is an Li-isometry, which is implied by the measure preserving map R
that has induced it. Although the adjoint operator U is not an isometry,
it preserves the L!-norm of the wavelet Yk which is evident in @iv).
In that regard, wavelets on the unit interval are accommodated in LL,
which involves the Hilbert space Li.

The adjoint U™ is the Frobenius-Peron operator governing the evo-
lution of distribution densities. The observation should imply that
wavelets correspond to some densities in a general manner, which is
manifested by the absolute square ‘u/j k|2 being Ll -normalized. The ex-

2’ ap-
proximates to EQ;; ~ 2; —»> which represents a link between wavelets
and nodes of the binary tree. Each scale of details in a multiresolution
analysis involves basic elements corresponding to one binary digit. In
that respect, the inheritance along branches of the binary tree is related
to the refinement of the resolution that approximately depends on one
more bit of the unit interval (Fig. 1).

pectation of a variable Q; ;, that is distributed according to |y/j X

3.2. Exact and the Kolmogorov system

Yves Mayer has pointed out that “one cannot expect any seri-
ous understanding of what wavelet analysis means without a deep
knowledge of corresponding operator theory” [46]. An advantage of
using the Koopman operator to present the evolution of a system is
the avoidance of point trajectories in order to distinguish a common
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behavior [55]. The behavior is not affected by particular points which
are null-measured, but composite domains only. The observation is
coincident to a statement on the epistemological value of probability
theory, which concerns “large-scale random phenomena creating strict
non-random regularity” [56]. Ergodic properties of a system indicate
the manner such a task should be realized.

The Koopman operator U governs the evolution of the random
variable preserving its distribution, since it has been induced by the
Rényi map which preserves the probability measure 4 R~' = p. It has
generated the exact system, meaning u (4) #0 = lim;_, u(R/A) =1,
i.e., any non-null domain is rising to the full measure. Exactness implies
mixing, that is an ergodic property of systems which provide the time
operator formalism [57]. Supposing wavelets y; , on the unit interval,
there is an operator that satisfies Ty; , = jy;,, which is defined on
the dense subspace of Li © 0 [58]. From the axiom (iv), one derives
(U™, Ty = UTTy; =TU ;= jU Ty —G = DU g = Uty >
[T,U] = U, which is a defining feature of the time operator [59].

It is obvious that the exact system which preserves measure is not
generated by an invertible map. According to that, R is non-invertible
and R~'4 = 2 U AT“ denotes the inverse image of the domain. The
same holds for U, which is not a unitary operator just because there is
no inverse. However, an exact system extends to the Kolmogorov one
which is invertible [57]. The natural extension of R concerns baker‘s

(-3)
<2(H1— ,WT>
/4 =

shift preserving the measure u ® u. The shift occurs via binary
digits of an argument which might be written in the form w.w =
@_1.0y®; ... wherein w; are bits of w if j > 0 or of w if not. Baker's

map shifts binary point rightwards according to Bw.w = -+
Multiresolution analysis of the Haar wavelet presenting dependence

on binary digits is naturally extended, which involves a shift of approx-

imation subspaces W by the operator U%* : f(-) » f(B-). Each of
them includes an approximation subspace V/.” over the real line, but

0<w < %
, which is a bilateral

<w; <1

map B(w,w) =

N —=

0_1 0.0 ...

. N . . L =
it goes beyond, since V' consists of signals over (Eyadlc integers Z

and similar for other ones which are over Z ;= 2%. In accordance,

the union J; Vj” = Li corresponds to the Hilbert space that implies

the Haar measure # which is defined over the dyadic line D = |J; Z;.
Such a multiresolution analysis over dyadics concerns approximation

subspaces Vj)( only, in respect to the shift operator f(-) = f(2-) which
is induced by a natural scaling of the dyadic line [60]. The denotation =
should mean the closure in regard to the dyadic norm, which is related
to the floating point representation [61].

The operator UZ, that is induced by baker‘s map, is not a single
extension of the unilateral shift U onto the Hilbert space L2 = L2 ® L
which is invertible. The base exchange C : x;, ® ¥, o Wik ® W/,m
defines the operator U = CU#C~! extending the previous one, which is
a bilateral shift of the multiresolution analysis for wavelets y; , [40].
As well as in the real line instance, it approximates the dependence
on bits of the domain which is presented by the Haar one. In that

respect, statements 7/ 53 VJ.” and U ~ U concern an attempt to present
approximation subspaces and the evolutionary operator in terms of
positional notation. Regardless of the fact that it does not strictly hold,
the approximation gives an insight into the concept of wavelet theory
that relates to the measurement problem.

3.3. Measurement problem
The von Neumann measurement corresponds to a complete system

of mutually orthogonal projectors on the Hilbert space [62]. Supposing
orthonormal wavelets v, ;, such projections are regarded to be P;, =
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<y/j’k|~> w; which satisfy the expression ¥, , P;; =1 on Li © 0. The

inner product of operators is defined ( P| Q) = tr PTQ.
A quantum ensemble, which the measurement acts onto, is a map
M: P <p‘ P> assigning a probability to each projector. According

to the Gleason theorem, for any ensemble there is a density operator
p > 0, which means that p = FF' whereat F is a root. Due to probability
normalization, it holds tr p = 1, which has implied || F|| = I in terms of
L2 -norm.

" Because of commutativity, projectors P;, generate a c-algebra M
following the Stone representation theorem. It is a measurable space
over which the observable has been defined. The probability measure,
corresponding to the density operator p, should be defined over the
measurable space as well, which implies the commutativity P;,;p =
P Py

The measurement is therefore related to a superprojection Mp =

Yk <ij) p>Pj,k onto the subspace of operators satisfying the commu-

M(P;
tativity (rlji,f()e. The optimal measurement p = M°p has been performed
in respect to eigenprojectors of the density operator, which means
it measures the probability itself. In that instance, the measurement
procedure has actually been intended to stipulate probabilities M (P, ;)
which are eigenvalues of the density operator [47].

The measurement is an irreversible process, due to the superprojec-
tion onto variables over a measurable space. The situation is elegantly
presented by von Neumann, who has figured out an entropy increase
of the process. He was wondered by the fact that the increase of
entropy did not imply any temporal evolution, as it is evident in
thermodynamics. The reason is a misleading concept of time which
is reduced to the linear parametrization, unlike observables that are
represented by Hermitian operators whose eigenprojectors generate a
measurable space. The time operator should therefore be a resolution
of the measurement problem [62].

The measurable space 901;, which is generated by projectors P_; ,
whose first index is smaller than j, is a subalgebra of 9. If F; is the
orthogonal projection of F to the approximation subspace Vj, it holds
F; = Flgﬁj which represents the conditional expectation over the o-
algebra. On each subalgebra, one assigns measures M; = <pj’4> to
projected densities p; = F;F; T, which are dependent on P_; k only.
Having corresponded a projector P;, to the dyadic interval 2 > +1 +Z,
that concerns its position in the blnary tree, there appears a domaln of
the c-algebra M, which has involved a dyadic line D. In that regard,

the measurable space M, is constructed over the domain Z_J = %,
representing independence of digits after the jth one counted from the
binary point on.

The decomposition ¥, , P, = I gives rise to a reproducing identity
F = Y, Wk ® D, which is valid on L‘ZI o0 ® Li © 0, since
it holds P, F = w;, ® D;,. The optimal measurement M°p =
Yk <p Pj” k> P]" . Should satisfy p = M?p in terms of a density operator
FF' =%, 0 EDS,DIv s, @ win,
ED;’ D =0 = ED" EDY whenever (j,k) # (I,m), which means
that detall coefficients of an ensemble are decorrelated considering the
base of optimal wavelets y?, . The statistical model of a measurement
process regards the detail coefficient to be a random variable, which is
achieved extending the Hilbert space L’ to L ® L:. Eigenvalues of

. From P? = y/J‘? C ® 1//.”* it follows

the density operator p = FF' correspond to probabilities M (Pj”k) =
E D;? .

In another base that is suboptimal, detail coefficients should take
the form D;, = 3, <"’j,k“/’1(jm>D?,m which implies an approximate

decorrelation of the ensemble. Considering v, « ~ 0 out of the interval
k=1
[

k
R 7), as well as y/ﬁ out of [Z—~ 2, . 2, inner products <‘/’j,k|“’/o_m>
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space

scale
index

Fig. 2. The wavelet domain hidden Markov model. Black nodes correspond to detail
coefficients and blue ones to hidden variables. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

are negligible if approximate supports do not intersect. It means that
correlation between detail coefficients D = (D; ;) predominantly con-
cerns an inheritance along branches of the binary tree. In that manner,
one obtains the wavelet domain hidden Markov model which has
been proven tremendously useful in a variety of applications including
speech recognition and artificial intelligence. The model claims that
the correlation is realized through hidden variables § = (S, «)> which
are attributed to each node forming the Markovian tree, and out of
such an interdependence the ensemble is decorrelated (Fig. 2). The
conditional distribution D|S is supposed to be normal, whence it follows
that D, ,|S; are independent variables [42].

Pro_]ectors P; . evolve by the superopeator U'P = UPU' in the
manner of U'P;, = P, + Py x40, Which corresponds to the
wandering of detail subspaces in the multiresolution analysis by the
evolutionary operator U. Since M (U'P) = I/Tp‘ P>, such an evolution
is coincident to the adjoint U'"p = U p U which is the Frobenius-Perron
superoperator acting on a density. The time operator T satisfying
[T,U] = U is applied to U" as well, since [T, V'] P = TUPU -UTPU' =
[T.UIPUT =V P = [T,U]=U. Its existence makes possible a change
in representation A = A(T) that is an operator function of time, which
has transfigured the reversible evolution by U into an irreversible
one by Wi = AUTA~L. Although there is an inverse superoperator
w1 = AU'A!, it does not preserve positivity, which is required to
map one density to another [39]. The irreversibility corresponds to a
Markov process which is presented by hidden variables of the statistical
model [44].

4. Discussion
4.1. Optimal representation

The concept of measurement was presented in Euclid’s Elements,
whose the V book elaborated the doctrine on proportion concern-
ing commensuration of magnitudes. The commensuration procedure is
termed the Euclidean algorithm, which is a process taking place step by
step over time. It should result in a continued fraction expansion, which
is the primordial code of a measurement.

Donald Knut called Euclide’s method “the granddaddy of all algo-
rithms, because it is the oldest nontrivial algorithm that has survived to
the present day” [63]. But it is even more — an intensional procedure
which has been producing real numbers of the unit interval. The
automorphism

1 1 1

?: - -—+
onp—1 ony+ny—1

ny +
! n-+-L
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which is termed the question mark function by Minkowski, has
transfigured the continued fraction to the binary code w =
00...01...1 0...01... wherein each bit concerns a step of the mea-
—— A A

n n
surément 2[40]. The time operator is established in terms of a mul-
tiresolution analysis that concerns dependence on binary digits, which
is required by the probability measure M; = (p j|> The probability
has been defined on the measurable space 91, that is generated by
single events P2y of the measurement process, which gives rise to the
c-algebra 9 over the unit interval.

The optimal representation requires finding out wavelets q/j‘." . such
that P =w),® y/]’”;( are generators of 9. The time operator eigenval-
ues correspond to scales in the wavelet domain hidden Markov model.
The statistical model of the measurement claims that detail coefficients
are decorrelated in the optimal base. The model regards coefficients
to be random variables, which is achieved by an extension that has
embedded the process into dyadic line D. In that respect, one should
agree to the statement by Koziryev that “wavelet theory is a p-adic
spectral analysis” [64].

The information contained in detail coefficient is independent of
wavelets, since H (CD) = H (D) + log|detC| = H(D) for a unitary
operator C representing the base substitution. It is decomposed due
to the canonical relation H (D) = H (S) + H(D|S) wherein the first
term represents the structural information and the second one is an
irreducible randomness that persists even if the correlation between co-
efficients has been recognized [43]. The structural information depends
on the base and the optimal base is defined by its maximization which
should correspond to the decorrelation requirement [44]. It relates as
well to the most significant increase of entropy in the temporal domain,
which the measurement is characterized by [62].

Von Neumann made a reference to Bohr, who was the first to
have pointed out a link between quantum theory and the princi-
ple of psychophysical parallelism [65]. Bohr has adopted Fechner‘s
psychophysics which is termed the identity view, since the observer
is not to be considered a conglomerate of two substances but one
single entity [66]. The most significant sources for psychophysical
parallelism are the foreword and the introduction from the Elements
of Psychophysics [67]. The outer psychophysics, which is a link between
sensation and stimulation, is realized through the neuroaesthetical
computation that relates sensation and neural activity, which is termed
by Fechner to be the inner psychophysics [41].

A repercussion of von Neumann‘s solution to the measurement
problem is that irreversibility takes place in the presence of observer‘s
mind, which seems to play an active role in the process. The only
manner to make such an unpleasant situation compatible with the
principle of psychopchysical parallelism requires switching into the
inner psychophysics due to a change in representation A = A(T) which
is the operator function of time. The canonical relation separates the
inner psychophysical information contained in hidden variables from
irreducible randomness having noise properties. An innate component
of the wavelet domain hidden Markov model is a denoising procedure
that has proven to be advantageous over other methods [42]. It is
performed in a superior manner by usage of the optimal base, and
regarding that the inner psychophysics corresponds to such a denois-
ing procedure [41]. The optimal measurement is therefore related to
recognition of a structure, which should maximize the information
it contains [43]. The process is represented by the time operator,
constituting the multiresolution analysis [40].

4.2. General measurement

The von Neumann measurement, in terms of mutually orthogonal
projectors such that ik Pix=1on Li ©0, concerns a superprojection
Mp = ¥, PipP; to the subspace of operators commuting with
P, ;- A generalization corresponds to Mp = ¥, Q; 1pQ .« which has
satisfied ¥, , 0;,"Q;x = I in order to preserve the unit trace of a
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density. The operators might be constructed in the manner of Q;, =
<’5"V’j,k > ¥, x> wherein y; , is a wavelet frame and @7 its dual which
has been normalized [44]. An operator § should map it to the Parseval
frame Fy; ;.

Frames are geometrically interpreted to be sequences that dilate to
bases of an extended space. It means that there is a base which has
projected in the initial space to be a frame, whereby a Parseval frame
is the projection of an orthonormal base [51]. In that manner, the
von Neumann measurement restricts to a general one by neglecting an
environment that remains out of the scope. The general measurement
should therefore relate to an open system that has been partially
described by the stochastic process [68].

The Naimark dilatation theorem implies a method analogous to
heterodyne detection in communication engineering: the ensemble to
be observed combines with another one which is termed ancilla [69].
Thereafter, a von Neumann measurement is performed on the space
which has been extended by an environment. The amount of informa-
tion obtained in that manner might be larger than if the observer is
restricted to the von Neumann measurement without ancilla [68]. One
concludes that the optimal representation does not restrict to orthonor-
mal wavelets only, since it should involve a general measurement
which relates to the frame [44].

Antoniou and Gustafson have pointed out that wavelets and stochas-
tic processes “possess the same common structure so much so that
we may regard wavelet theory to be embedded into that of stochastic
processes”. Such a view should therefore be distinguished from that of
other research “in which wavelets are used only to approximate stochas-
tic processes in applications” [38]. On the other hand, it has been
demonstrated that the measurement, which presents a basic stochastics,
is embedded in wavelet theory. The optimal representation concerns
a maximization of the structural information which is related to the
measurement process. Concerning that, it might be stated that any
process comes to be a measurement if addressed in the optimal manner.
Palle Jorgenson has discerned that “analogies to Euclidean algorithm
seem especially compelling” [45].

The representation intends to recognize an underlying dynamics
which has frequently been neglected in both stochastics and signal
processing. It is represented by the time operator which gives rise to
a multiresolution analysis governing the measurement process. The
conception is successfully generalized to frames, as well as to the
continuous wavelet transform. In that manner, one has established a
complete analogy between wavelet theory and continuous-time regular
stationary processes [38].

An underlying dynamics is considered extraordinarily significant
in respect to geophysics whereat the concept of wavelet arose [70].
Various wavelets are thought of and used in seismic prospecting, to
recognize a pulse which has propagated through the earth [71]. Such a
pulse is the wavelet and a primordial assumption concerns that seismic
wavelets do not interfere traveling through the earth, which seems to
be a decorrelation requirement. The deconvolution has been used to
separate a structural information concerning dynamics of the seismic
process from a random component [72].

5. Conclusion

The link between wavelets and stochastic processes is extremely
complex and interdisciplinary one. Various areas such as geophysics,
optics, signal and image processing, quantum theory etc. should not
be bypassed. Above everything else, there is a primordial relation to
the very origin of geometry that concerns a measurement problem. An
emergence of the Euclidean algorithm in that regard takes to a root of
real analysis, but as well of p-adic analysis and their interdependence.
It might be said without any exaggeration that wavelet theory is
reminiscent to the Mathesis Universalis which should be a universal
calculus involving everything in existence.
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A relationship to geophysics seems extraordinarily significant, since
the concept of wavelet has arisen in seismic prospecting. In such a
context, it is best seen the recognition of an underlying dynamics which
wavelets have been intended to. The optimal representation is nothing
but a binary code originated by the measurement process which is
an intensional procedure producing real numbers of the unit interval.
According to that, any process is a measurement if regarded in the
optimal manner which involves a recognition of the time operator.

In that respect, detail subspaces of the multiresolution analysis are
regarded to be age eigenstates wandering in terms of a bilateral shift de-
pendent on orthonormal wavelets. A change in representation which is
the operator function of time has transfigured the reversible evolution
to an irreversible one which is the measurement characterized by. The
optimal base is defined by maximization of the structural information
which relates to the most prominent increase of entropy in the temporal
domain. The conception is successfully generalizable to frames which
correspond to redundant generators of the Hilbert space.
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