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Signal Useful Information Recovery by Overlapping
Supports of Time-Frequency Representations

Nicoletta Saulig, Miloš Milovanović, Siniša Miličić, and Jonatan Lerga

Abstract—This paper presents a novel method for automatic1

extraction of useful information from time-frequency distribu-2

tions of noisy signals. Signals’ features are examined through the3

combined analysis of their time-frequency energy distributions4

and inverse complexity maps. The inverse complexity approach5

gives a new entropy-based insight into the signal structure. These6

two approaches result in mostly disjoint time-frequency supports,7

overlapping only in the proximity of the signal components.8

Locations of the signal components (i.e., useful information) are9

thus identified by low complexity and high amplitude occurring10

together in the time-frequency plane. Compared to existing11

methods using only the time-frequency energy distribution,12

useful information extraction by the proposed method exhibits a13

significantly reduced error rate.14

Index Terms—Components extraction, K-means, nonstationary15

signals, Rényi entropy, time-frequency distributions.16

I. INTRODUCTION17

NONSTATIONARY signals are omnipresent manifesta-18

tions of countless natural and artificial phenomena. In-19

dependently on the origin system being biological or physical20

(speech, EEG, HRV, seismic waves, gravitational waves) or21

synthetic (radar, sonar, vibrations in engineering), the signal22

of an analyst’s interest is often corrupted by noise. The23

variable frequency content of nonstationary signals intuitively24

requires both the time and frequency domains simultaneously25

represented for a comprehensive signal interpretation, evoking26

time-frequency (TF) analysis tools.27

In scientific and engineering disciplines, useful information28

content (UIC) of a signal can be framed as the entire TF29

content of signal components [1]. These components are30

compactly supported continuous energy regions, peaks of31

which correspond to the instantaneous frequencies (IFs) fl(t),32

l = 1 . . . L, present in the time signal [2], [3]33

x(t) =
L

∑
l=1

xl(t) =
L

∑
l=1

Al(t)ejΦl(t), (1)

where L is the number of components, and Al(t) the instanta-34

neous amplitude of the monocomponent signal xl(t) with IF35

related to instantaneous phase Φl(t) as fl(t) = Φ′
l(t)/2π.36
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An ideal TF energy distribution (TFD), ρx(t, f), would 37

concentrate the signal energy along components’ IFs as L 38

components supported over 1-D trajectories, 39

ρx(t, f) =
L

∑
l=1

A2
l (t)δ(f − fl(t)). (2)

In practice, only monocomponent signals with linear frequency 40

modulation (FM) achieve the idealized model by the Wigner- 41

Ville distribution (WVD). At any time t and frequency f the 42

WVD is given by: 43

ρWV
x (t, f) =∫

∞

−∞
x(t+ τ

2
)x⋆(t− τ

2
) e−j2πfτdτ, (3)

with asterisk (⋆) denoting complex conjugation. 44

Since the WVD presents a quadratic superposition principle, 45

general parameters of Eq. (1), including multiple components 46

and/or nonlinear FM, cause cross-terms between any two 47

points of components’ IF [4]–[6]. 48

The ideal TFD of Eq. (2) presents a theoretical level of 49

sparsity [7]. A practically obtainable sparsity provides a finite 50

and controllable bandwidth around the IF fl(t). 51

Realistic scenarios often include additive noise ν(t), result- 52

ing with the mixture 53

y(t) = x(t) + ν(t). (4)

To mitigate the interference phenomena, a quadratic class of 54

TFDs has been introduced [1]. Discretizing the noisy model, 55

yn = xn + νn (5)

with xn = ∑Ll=1 xln, n = 1, . . . ,N (a discretization also of Eq. 56

(1)), quadratic class TFDs are computed as the discrete Fourier 57

transform (DFT) of a smoothed instantaneous autocorrelation 58

function (IAF). The smoothed IAF is obtained by the con- 59

volution of IAF with a time-lag kernel filter G(n, i) (for the 60

WVD, G(n, i) = δ(n)). The TFD thus becomes [1] 61

ρnm = DFT
i→m

{G(n, i) ∗
n
(yn+iy⋆n−i)}, (6)

for i in an interval of integers, over M frequency bins. For 62

L≪ N,M the ideal discrete TFD is intrinsically sparse. 63

Often, TFD sparsity is imposed by artificially selecting TF 64

coefficients. In numerous engineering applications, TF coeffi- 65

cients are thresholded by amplitude, usually as a percentage of 66

the maximal TFD value [8]–[14]. This approach is extremely 67

versatile, requiring no prior signal analysis or specific signal 68

features, but the threshold choice relies on a supervised trial- 69

and-error procedure to avoid ineffective noise suppression or 70

severe loss of UIC. 71
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Methods requiring particular characteristics of the signal72

(such as time-invariant number or amplitude of signal com-73

ponents), or certain statistical features of TFDs, have been74

proposed for unsupervised signal UIC extraction [15]–[17]. To75

recover UIC from TFDs, image segmentation techniques [18]–76

[24] have exploited characteristic patterns of specific signals77

(e.g., EEG, seismic signals, speech, etc.).78

Local TF entropy analysis has generated new insights into79

the TFD structure aimed at discriminating UIC from noise.80

In [25] the attempt of signal UIC extraction is based on81

exploiting information obtained from multiple TF entropy82

maps by varying the size of the 2-D entropy analysis window.83

However, the number of entropy maps linearly increases with84

the signal duration, which represents a serious limitation for85

the method application to real-life signals [25]. Its computa-86

tional complexity is significantly reduced when an initial TFD87

amplitude segmentation is followed by a 1-D entropy estimate88

of each segment (class) while maintaining similar performance89

[26]. A recent study [27] presents an unsupervised method90

for UIC recovery, combining TFDs amplitude segmentation91

with a statistical criterion on the energy of each class. The92

method gives a single view of the signal TFD structure, and,93

while requiring no prior information on the signal, balances94

noise removal and UIC recovery. Trade-off between noise95

suppression and UIC integrity is inevitable when the sole TFD96

is used as segmentation substrate.97

This paper proposes an unsupervised method that exploits98

the structural features of the signal TFD in relation to those99

of a single auxiliary TF complexity representation, namely,100

the newly introduced inverse complexity map (ICM) derived101

from 2-D entropy, to significantly reduce the presence of noise102

in the recovered signal. It will be shown that an auxiliary103

TF complexity representation, counterpart to the classical104

energy TFD, offers a coherent yet complementary view of105

the same signal, and a highly reliable identification of signal106

components.107

The paper is structured as follows: Section II presents TF108

representations carrying information that may be considered109

complementary features of the signal, together with a criterion110

for relevant coefficients extraction from the TF representa-111

tions. The criterion is a modification of the Intersection-of-112

Confidence-Intervals (ICI) algorithm which assumes knowl-113

edge on a reference set of irrelevant TF coefficients and114

searches for their pertinent neighbourhood. Section III anal-115

yses the relationship between obtained relevant coefficients,116

pointing out their statistical properties. These will be exploited117

in Section IV to frame representations’ parameters and formu-118

late an algorithm for UIC extraction. The algorithm’s perfor-119

mance is evaluated in Section V. Conclusions and perspectives120

are reported in Section VI.121

II. RELEVANT COEFFICIENTS OF DIFFERENT TF122

REPRESENTATIONS123

The central theme of this paper is the extraction of the signal124

components to obtain a sparse representation of the signal125

UIC. The targeted sparse TF representation of the signal yn126

is the one that recovers the non-zero coefficients laying in the127

TF supports of the noise-free equivalent xn. To achieve the 128

desired sparse TF representation of the signal UIC, a natural 129

candidate for the application of coefficients’ selection criteria 130

is the energy TFD, ρnm [15], [17], [25]–[27]. Nevertheless, 131

the TFD itself is characterized by local entropy features that 132

will be shown to act as an auxiliary 2-D complexity substrate 133

for UIC identification in the TFD. This study will show 134

that maximization of correctly extracted UIC first requires 135

the selection of relevant coefficients from both considered 136

substrates. Analysis of supports of relevant coefficients of 137

the energy TFD and 2-D complexity substrate points out 138

their intrinsic disjointedness, except inside the supports of 139

the signal components where they partially overlap. This last 140

circumstance will serve as the criterion for discrimination of 141

noise coefficients (false positives) from signal components 142

(true-positives), allowing efficient UIC extraction from the 143

TFD. 144

A. TFD and multiplicative inverse complexity map 145

A detailed insight into a TFD structure has been proposed 146

through the lens of complexity measures in [28]–[31]. An 147

appropriate measure of complexity of TFDs, especially con- 148

sidering negative values taken on by most TFDs, is the global 149

Rényi entropy (RE) measure, 150

H = 1

1 − α
log2 ∑

n,m

ραnm, ρnm = ρnm

∑n′,m′ ρn′m′
(7)

where α is the order of the RE. 151

The inverse complexity map (ICM) of a TFD is achieved 152

by the reciprocal values of the locally estimated RE, as 153

H ′
nm = (α − 1)

⎛
⎝
log2∑

k,l

ραkl
⎞
⎠

−1

, k−n, l−m ∈[−D
2
,
D

2
) , (8)

where ρkl is ρkl normalized as per Eq. (7). 154

Discrete TFDs, ρnm, of a pure tone, pure white Gaussian 155

noise, and their mixture are reported in Figs. 1 (a), (e), and 156

(i), respectively. Their ICMs, H ′
nm, are shown in Figs. 1 (b), 157

(f), and (j), respectively. In Figs. 1(a) and (b), the reader can 158

observe that the TFD represents the signal as a prominent, 159

continuous-energy cluster in the TF plane, while the ICM 160

frames the signal component. 161

Ideally localized TFD concentrates the signal energy along 162

a 1-D trajectory while finite signal windowing and time-lag 163

filtering inevitably smear it over the TF plane. This also results 164

in TF regions evenly covered in negligibly small coefficients 165

exhibiting large local entropy. Large local entropy is also 166

achieved when the window entirely slides inside the signal 167

component support. An abrupt amplitude rise of the signal 168

component inside the entropy window results in significantly 169

smaller entropy values, as shown by the ICM in Fig. 1(b). 170

This scenario can be better observed from concurrently 171

represented time cross-sections of the TFD (blue, solid) and 172

ICM (green, solid) in Fig. 1(d). The instant when the en- 173

tropy window (marked by a double arrow) catches brusquely 174

growing TFD coefficients corresponds to an abrupt inverse 175

complexity rise. Appropriate entropy window selection is 176

discussed in Section IV-A2. 177

This article has been accepted for publication in IEEE Transactions on Signal Processing. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TSP.2022.3223575

© 2022 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.



3

B. Maps of relevant coefficients178

The case of both representations of noise-free signals179

(Figs. 1(a), and (b)) can be perceived as theoretically sparse180

in the TF domain. However, the smearing effects of the kernel181

filter produce what we consider practical sparsity of these182

components and frames. Presence of noise (Figs. 1(i), and (j))183

obstructs desired sparsity.184

Aiming to obtain a sparse representation of the signal185

UIC from the TFD, the approach proposed in this work186

is based on a preselection of specific coefficients subsets187

from both the TFD and ICM. These will be referred to as188

relevant coefficients. A relevant coefficient is discriminated189

from a background one, for both the TFD and ICM, by190

a data-driven, automatically computed threshold, as follows.191

Selection of relevant coefficients from a general matrix fnm192

is performed by amplitude discrimination computed by the193

K-means algorithm [32].194

The K-means algorithm partitions a matrix fnm with n =195

1, . . . ,N and m = 1, . . . ,M , into K subsets of indices C =196

{C1, . . . ,CK}, in order to minimize the within-subset sum of197

squares,198

argmin
C

K

∑
k=1

∑
(n,m)∈Ck

∥fnm − µk∥2, (9)

where µk is the mean of each set Ck, and the values of µk are199

strictly increasing with respect to k. Thus, K classes (matrices)200

f
(1)
nm, . . . f

(K)
nm , derived form the function fnm, are obtained as201

f (k)nm = { fnm, where (n,m) ∈ Ck
0, elsewhere. (10)

Both the TFD, ρnm, and ICM, H ′
nm, taking place as202

argument of Exp. (9) can be partitioned into K classes.203

However, the partitioned set C gives no a priori information204

about which classes Ck contain the relevant coefficients.205

Signals’ components (in the TFD) and their frames (in206

the ICM) both consist of sharp ridges plotting trajectories207

in the TF plane. It is, hence, reasonable to expect that208

classes containing mainly background coefficients will present209

significantly larger TF supports when compared to classes210

containing relevant coefficients.211

We apply a statistical method [27] adapted to discrimi-212

nate background from relevant classes by means of their TF213

supports. Since both the TFD, ρnm, and ICM, H ′
nm, are214

partitioned into K classes, a common model will be adopted215

for both representations, and again generically denoted as fnm.216

The size of the TF support, or l0-norm, of the k-th class is217

the cardinality of the respective set Ck,218

Ek = cardCk. (11)

We use the values of Ek as input for a threshold to distinguish219

two subsets of C, such that C = Cb ∪ Cr, with220

Cb = {Ck ∣k = 1, . . . i+}, Cr = C/Cb, (12)

where Cb contains the background coefficients, and the subset221

Cr the relevant ones. In that sense, the class index k = i+ + 1222

marks the first class containing relevant information.223

To obtain the class index i+, we estimate the pertinent neigh- 224

borhood of E1. 225

By relying on the assumptions that signal components and 226

their frames represent the amplitude-wise dominant structures 227

on the TF plane, we expect the first (lowest) class, f (1)nm, 228

for both representations to contain mainly noise and residual 229

components’ coefficients smeared by filtering. Labeling the 230

first class, f (1)nm, as background on theoretical grounds reduces 231

computational burden by K times when compared to the 232

original Intersection-of-Confidence-Intervals (ICI) method in 233

[33]–[35]. 234

Using the first class, f (1)nm, as the background reference class, 235

its neighborhood now represents the background classes, while 236

distant classes are the relevant part. 237

To determine the neighborhood of f (1)nm by estimating the 238

neighborhood of E1, we introduce confidence intervals ∆i 239

around the corresponding Êi estimate of an ideal value Ẽ1, 240

with indices i = 1, . . . ,K and 241

Êi =
1

i

i

∑
k=1

Ek. (13)

The ideal Ẽ1 is considered to be the l0-norm of the first 242

class as the result of an ideal, flawless segmentation of fnm. 243

We define i+ as the largest index such that 244

i+

⋂
i=1

∆i ≠ ∅, (14)

and the estimation error ei = Ẽ1 − Êi is minimal [36]. 245

The estimation error for a class is composed of bias and 246

zero-mean random error [33], 247

ei = ωi + ζ0
i , (15)

where ωi the estimation bias [33], and, hence, its absolute 248

value can be bounded by 249

∣ei∣ ≤ ∣ω̄i∣ + ∣ζ0
i ∣, (16)

where ω̄i is the estimation error bias upper limit and ζ0
i is the 250

random error following the zero mean normal Gaussian distri- 251

bution with standard deviation σi, equivalently ζ0
i ∼ N(0, σ2

i ). 252

The following inequality holds true with probability 1 − a, 253

∣ζ0
i ∣ ≤ z1−a/2σi, (17)

where zα is the α-th quantile of the unit normal distribution 254

N(0,1) [33], [34]. Hence, Ineq. (16) can be rewritten as 255

∣ei∣ ≤ ∣ω̄i∣ + z1−a/2σi, (18)

and it also holds true with the same probability of 1 − a. 256

The inequality 257

∣ω̄i∣ ≤ γσi, (19)

where γ is defined in [33] as the ratio of the upper-bound bias 258

to the standard deviation for an ideal i∗ is true for all i < i∗. 259

Setting Γ = γ + z1−a/2 in Ineq. (18), 260

∣ei∣ = ∣Êi − Ẽ1∣ ≤ Γσi, (20)

which holds with same probability 1−a. For very small a, the 261

critical threshold may not exist at all, and for very large a, 262
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Fig. 1: TFDs (spectrograms) of the signals (a), (e), (i). ICMs of the signal (b), (f), (j). Supports of relevant coefficients of the TFD (azure),
ICM (green), their overlapping (yellow) (c), (g), (k). Cross-sections (t = 1600 s) of the TFD and ICM (azure for the TFD, green for the
ICM) and respective supports of relevant coefficients (dashed), with overlappings marked yellow (d), (h), (l). Signals are referred to as a
pure tone (a)-(d), pure white Gaussian noise (e)-(h), and a noisy pure tone (SNR = 2dB) (i)-(l).
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the threshold may be too low. Following [27] we set Γ = 0.65,263

corresponding to a ≈ 50%.264

In other words, it can be said that the ideal Ẽ1 belongs to265

the interval266

∆i = [Êi − Γσi, Êi + Γσi]. (21)

with the probability 1 − a.267

Finally, the class index i+ is obtained in Ineq. (14) as the268

largest one for which it is still true that the intersection of all269

confidence intervals up to, and including i+, is nonempty.270

The index i+ can be considered as an approximation of the271

ideal one i∗, resulting in an estimation of Êi+ as close as272

possible to the optimal Êi∗ .273

By adopting the first class as background, all the non-zero274

coefficients belonging to the subsets for which k ≤ i+ form275

Cb. In other words, the remaining classes are summed up to276

recover relevant information as277

fRnm =
K

∑
k=i++1

f (k)nm . (22)

Using this method we obtain the relevant TF coefficients ρRnm278

from ρnm, and relevant ICM coefficients H ′R
nm from H ′

nm.279

Where their indices are not relevant, we will omit them.280

III. RELATIONS BETWEEN RELEVANT COEFFICIENTS OF281

THE TFD AND ICM282

Once relevant coefficients have been selected from both the283

TFD, ρR, and ICM, H ′R, to improve UIC extraction, their284

arrangement, relationship and its stability over the TF plane285

will be analyzed for three characteristic situations: noise-free286

signal, pure noise, and noisy signal.287

In this analysis we denote as ρR and H ′R, 0 − 1 valued288

supports of relevant coefficients ρR and H ′R, respectively.289

Examples of ρR and H ′R, are shown in Figs. 1(c), (g), and290

(k), for the noise-free pure tone, pure noise, and noisy pure291

tone, respectively.292

A. Noise-free signal293

By analyzing the supports of relevant coefficients for the294

noise-free signal (Fig. 1(c)) it can be observed that H ′R
295

(green) will act as an edge detector for ρR (azure). We also296

observe some artifacts near the edges of the domain, but since297

these do not appear in the analysis of the noisy signal, we298

shall disregard them.299

A careful analysis of a time cross-section of the TFD and300

ICM reveals that the latter peaks (Fig. 1(d), green solid line)301

are distributed on both sides of the TFD energy ridge. If302

we observe the supports of relevant coefficients H ′R and303

ρR (Fig. 1(d), dashed lines), they can be considered disjoint304

indeed. In fact, relevant coefficients present mutually exclusive305

supports, as marked by the dashed lines in Fig. 1(d).306

B. Gaussian white noise307

To see if the two approaches we combine here obtain308

dependent, yet different information, we investigate whether309

for pure Gaussian white noise we obtain probabilistically310

dependent, almost-disjoint results.311

TABLE I: Sample means and standard deviations for corre-
lations and PMI computations for Gaussian white noise and
reference data. Samples were of size 100 each.

mean standard deviation

ρR 1.3 ⋅ 10−1 3.5 ⋅ 10−2

H
′R

1.4 ⋅ 10−1 1.5 ⋅ 10−1

H′R ⊙ ρR 9.4 ⋅ 10−5 1.5 ⋅ 10−4

PMI(ρR,H′R) µp −6.8 ⋅ 100 σp 2.1 ⋅ 100

PMI(ρ0,H
′
0) µp0 −5.5 ⋅ 10−3 σp0 9.1 ⋅ 10−2

We do this by sampling pure noise and investigating the 312

relationships between supports of relevant coefficients ρR and 313

H ′R. An analysis of a single sample is given in Figs. 1(g) and 314

(h). Figure 1(g) shows the TF supports of relevant coefficients 315

ρR and H ′R (azure and green patches) are rarely overlapping. 316

Figure 1(h) shows one time cross-section, with supports of 317

relevant coefficients marked by dashed lines. 318

These properties are best quantified using measures of 319

independence, for which we use point-wise mutual informa- 320

tion (PMI). For a method to provide mostly disjoint results, 321

we expect the measure to show significant negativity. As a 322

result, we find significant deviations from independence in the 323

direction of disjointness. 324

For reference, we compute the PMI for random pairs of 325

energy distributions of pure Gaussian noises, filtered through 326

the branches of the algorithm. The first branch goes through 327

the ICI pipeline to obtain ρR, and the second through the ICM 328

and ICI for H ′R. 329

The PMI analysis is performed as follows. First, we com- 330

pute PMI(H ′R, ρR) using 331

PMI(x, y) = ln(x⊙ y
x ⋅ y

) , (23)

where ⊙ refers to the element-wise (Hadamard) matrix prod- 332

uct, and (.) is the average across the whole matrix. We also 333

compute the PMI for pairs of matrices in a reference set. 334

Since we have some non-overlapping pairs of supports 335

in our sample, producing negative infinities, we clamp the 336

infinite data points to the finite minimum of the PMI sample. 337

This reduces the standard deviation, but the mean becomes 338

informatively finite. 339

For values of PMI(H ′R, ρR), we obtain mean of µp = −6.8 340

with σp = 2.1 and maximum at −3.77. The reference set gives 341

us µp0 = −0.0055 with σp0 = 0.091. A histogram of the data 342

is shown in Fig. 2. Thus, using the standard deviation of the 343

reference set as a reasonable unit, even the maximum is 42 344

standard deviations away from independence, in the (negative) 345

direction of disjointness. 346

The results, along with data on the intersections and support 347

sizes, are reported in Table I, with H ′
0 and ρ0 denoting supports 348

of reference set pairs. 349

In conclusion, the preponderance of numerical evidence 350

of mutual dependence of H ′R and ρR, indicates pure noise 351

supports can be considered, from a practical point of view, 352

disjoint in the TF plane. 353
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Fig. 2: PMI data histogram for Gaussian white noise analysis.

C. Noisy signal354

So far, the supports of relevant TFD and ICM coefficients355

have been considered for each summand of Eq. (5) separately.356

However, when their sum is considered, the ICI-based algo-357

rithm produces supports reported in Fig. 1(k).358

Figure 1(l), presenting a time-instant cross-section of both359

the TFD and the ICM, shows that the supports of relevant360

coefficients are again mutually exclusive in the regions of361

the TF plane not occupied by the signal component, while362

in its proximity they largely overlap (yellow regions mark363

the overlappings of ρR (azure dashed lines), and H ′R (green364

dashed lines)). This can be explained by the intrinsic structural365

characteristics of the noisy signal TFD and its relationship with366

the ICM.367

Noise in TFDs has been extensively studied. The structure368

of the Wigner distribution (WD), defined by the kernel in the369

discrete time-lag domain G(n, i) = δ(n), has been studied for370

stochastic processes and deterministic signals in random noise371

[37]. The WD produces white noise power spectrum estimates372

of infinite variance [37], [38].373

White Gaussian noise is evenly distributed over the TF374

plane, i.e., an additive white noise model can be adopted in the375

case of the WD, while the TFD kernel determines the variance376

finite value if the TFD is computed over a finite number of377

data samples [38]–[42].378

A detailed insight into the structure of a discrete-time379

quadratic TFD of a noisy signal requires the definition of the380

quadratic class distribution of νn, (as per [43])381

ρGν,nm = ∑
q,i

G(q, i)νn+q+iν⋆n+q−ie−j4πmi, (24)

where G(q, i) is the kernel in the time-lag domain.382

For stationary white noise, as shown in [43] the maximum of383

the variance σ2
νν of ρGν is proportional to kernel’s energy,384

maxσ2
νν,nm = 2σ4

ν∑
q,i

∣G(q, i)∣2 ∝ σ4
ν , (25)

with σ2
ν being the noise variance.385
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0

0.2

0.4

0.6

0.8

1

ICM, D=70

ICM, D=40

ICM, D=110

TFD

Fig. 3: Time cross-section of the TFD and ICM for different values
of entropy window size D.

For the deterministic signal x corrupted by noise, y = x+ν, 386

however, the TFD variance σ2
ρ consists of two components 387

[41], [42] 388

σ2
ρ,nm = σ2

νν,nm + σ2
xν,nm. (26)

The first variance component, σ2
νν , is bounded by the energy 389

of the kernel as per Eq. (25), while for analysis of the second, 390

signal-dependent component σ2
xν , we will consider the inner 391

product form of the quadratic class of distributions 392

ρG̃y,nm = ∑
i,q

G̃(q, i)(yn+qe−j2πmq)(yn+ie−j2πmi)⋆, (27)

where G̃(q, i) = G ( 1
2(q + i), 1

2(q − i)). For real and symmetric 393

G(q, i) we get [43] 394

σ2
xν,nm = 2∑

η,ξ

Φ̃(η, ξ)(xn+ηe−j2πmη)(xn+ξe−j2πmξ)⋆, (28)

where the new kernel is given by 395

Φ̃(η, ξ) = ∑
i1,i2

G̃(η, i1)G̃⋆(ξ, i2)e−j2πm(i2−i1)Rν,n+i2,n+i1 , (29)

with Rν being the noise autocorrelation function. 396

Thus, as shown in [43], we have that, lacking strong noise 397

autocorrelations, the signal-dependent part of the variance σ2
ρ 398

is again of the form of the quadratic TFD of the deterministic 399

signal x, 400

σ2
xν,nm = 2ρΦ̃

x,nm. (30)

The ICM emphasizes small entropy values. Large entropy 401

is achieved within windows of relatively flat content, and is 402

significantly reduced where variance is large. 403

Signal-shaped variance of Eq. (30) in presence of noise 404

distorts complexity in the vicinity of UIC. This complex- 405

ity, emphasized by the ICM, generously superimposes over 406

prominent amplitudes of the TFD. Consequently, supports of 407

relevant coefficients of both ρR and H ′R noticeably overlap. 408

This scenario is shown in Figs. 1(k) and (l). 409

IV. PARAMETRIZATION AND THE ALGORITHM FOR USEFUL 410

INFORMATION EXTRACTION 411

This section addresses proper parameter selection for the 412

two TF representations to assure overlapping of the respective 413

relevant coefficients along components borders and disjoint- 414

ness elsewhere. We also present the algorithm for the extrac- 415

tion of the UIC, by removal of noise-generated/false-positive 416

coefficients. 417

This article has been accepted for publication in IEEE Transactions on Signal Processing. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TSP.2022.3223575

© 2022 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.



7

Fig. 4: Noisy spectrograms (AWGN, SNR = 2dB) with Hamming window of length W = 85 (a), and Hamming window of length W = 285
(e). Supports of relevant coefficients obtained for: D = 46 (b), (f); D = 36 (c), (g); D = 56 (d), (h).

A. Parameter tuning418

1) The entropy order α: The order α of the RE nonlinearly419

dissociates nonuniform distributions from uniform ones. The420

ICM always has uniform distributions as minima. Large α can421

become numerically unstable, while small α identifies mild422

edges that are likely to be originating from noise. Thus, α423

being 7 represents the least value of α that balances both of424

these issues.425

2) Size of the entropy window D: The ICM structure is426

determined by the size of the entropy window D. In fact, H ′
427

acts like a frame regarding TF energy structures, since the local428

complexity drop is triggered by sudden amplitude changes of429

ρ in the vicinity of prominent structures. In the illustrative430

case of a pure tone (f0 = 0.15 Hz), for which Fig. 3 reports431

TFD and ICM time cross-sections, it can be observed that the432

distance of the ICM peaks from the TFD dominant peak is433

proportional to the size of the entropy window D, with faster434

expiring of complexity changes as D increases. The parameter435

D influences H ′, and therefore also the support of relevant436

coefficients H ′R. 437

Figure 4 shows the influence of the parameter D on H ′R
438

for a signal with hyperbolic FM. The proposed example is 439

displayed for two spectrogram realizations of the noisy signal, 440

with different kernel parameters (Figs. 4(a), (e)). 441

Desired overlapping of the respective relevant coefficients 442

H ′R (green) and ρR (azure), i.e. H ′R ⊙ ρR (yellow), along 443

components borders and disjointness elsewhere is favored by 444

approximately equal total supports of the Hadamard product 445

factors, which is controlled by the size of the entropy window 446

D (in Fig. 4 achieved for D = 46 (b), (f)). In the extremes, 447

as previously introduced by Fig. 3, setting D too low results 448

in ICM producing slowly varying values. As a result, ICI will 449

produce H ′R having many noise-induced points as relevant. 450

Analogously, setting D too large pushes the threshold for 451

abrupt changes too high, potentially ignoring the edges of 452

signal components. 453

To balance the value of D we observe the resulting value of 454

H
′R

, with (.) denoting the average across the whole matrix. 455
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Fig. 5: Noisy TFD of a real-life bat sonar signal (a), (e). Supports of relevant coefficients (b), (f). Information extracted by the K-means/ICI
algorithm (c), (g). Information extracted by the proposed method (d), (h). TFDs are referred to as SPWVD with time and lag Hamming
windows of length W = 115 (a)-(d), and ZAM with Hamming window of length W = 205, a = 3 (e)-(h).

Fig. 6: Spectrograms of noise-free test signals, referred to as Sig1 (a), Sig2 (b), and Sig3 (c).

We measure it against the size of the relevant TFD coefficients,456

minimizing ∣∣H ′R − ρR∣∣1, where only H
′R

depends on the457

choice of D.458

To achieve a slow-moving dependence on the duration of459

the signal N , we seek D as460

D(a, b) = 2 ⌊a lnN + b⌋ , (31)

where ⌊x⌋ denotes the largest integer less than or equal to x,461

ensuring D is even.462

We obtain the values of a and b by minimizing over a wide 463

range of test signals with N ranging from 27 to 216: 464

∣∣H ′R − ρR∣∣1, (32)

with H
′R

depending on a and b through D, resulting in a = 1.9 465

and b = 8.1. 466

Thus, we have identified the parameters needed for ICM 467

that work well for various TF kernels and their parameters. 468
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Fig. 7: Noisy spectrograms (AWGN, SNR = 0dB) (a), (e), (i). Supports of relevant coefficients (b), (f), (j). Information extracted by the
K-means/ICI algorithm (c), (g), (k). Information extracted by the proposed method (d), (h), (l). Signals are referred to as Sig1 (a)-(d), Sig2
(e)-(h), and Sig3 (i)-(l).
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It is worth noting that Eq. (31) should be intended as a469

rather loose parameter constraint since desirable features of470

the ICM are maintained over a wide range of values around471

the one determined by minimizing Exp. (32), as shown by the472

results of varying D by 20%, negatively in Figs. 4(c), (g), and473

positively in Figs. 4(d), and (h).474

Thus, the choice of D cannot be considered critical in475

parameter tuning.476

3) The number of classes K: The K-means segmentation477

procedure requires the number of classes K as an input478

parameter. Since the ICM structure is intrinsically related to479

the TFD, the same number of classes K is chosen for their480

segmentation.481

The purpose of the segmentation procedure consists in482

producing classes exhibiting characteristic supports’ features483

of noise in contraposition to those of signal components.484

The parameter K determines the refinement degree of data485

classification, influencing the algorithm’s performance, but486

also the computational complexity. In these terms, carrying487

thrift to extremes with only a few classes imposes unwanted488

rough partitioning of the input data. Conversely, besides in-489

creasing the computational burden, pushing K towards large490

values thins down the ability of the ICI algorithm to delimit491

a firm cutoff between noise classes and those supporting492

relevant information. This results in an abundance of residual493

noise-generated coefficients in classes identified as carriers of494

relevant information. Thus, while maintaining K in the band495

of moderate values suggested in [44], where the influence of K496

has been studied for TFD segmentation in 1-D entropy based497

UIC extraction [26], the choice of K for K-means clustering498

is marginal. Results for different values of K are reported and499

commented on in Section V.500

B. Algorithm implementation501

With the aim of recovering the UIC of the signal, we pro-502

pose an algorithm whose output is the extracted information503

ρEI , given by districts of supports of relevant TF coefficients504

ρR intersecting the relevant ICM coefficients’ supports, H ′R.505

The algorithm pseudo-code is given in Algorithm 1.506

A district is defined as a labeled 8-connected region of507

constant value [45]. The function bwlabel labels districts of508

the argument matrix as integers starting from 1. Conversely,509

getlabel(B, i) returns the support of district labeled as i in B510

as a matrix of values 0 or 1.511

In the pseudo-code we use the following point-wise op-512

erations. Operation ⊙ represents the Hadamard product of513

matrices, operation ∣ represents the bit-wise OR, and max is514

the maximum.515

To initialize the mask matrix, zerosLike gives a matrix of516

zeros of the same form as the argument.517

An edge-case occurs when the noise level is very low or518

negligible. We identify that case by the class index i+ for TFD519

coefficients being equal 1, with i+ defined in Section II-B.520

In that case, we may have disjoint districts of ρR and H ′R
521

of useful information, as expected per discussion in Section522

III-A. So, if i+ equals 1 and the size of the support of ρEI
523

(denoted ρEI) falls below a threshold fraction of ρR, i.e. the524

size of the support of ρR, we accept ρR as the final output 525

rather than ρEI. As a threshold parameter for results reported 526

in this paper we use 70%. 527

Notwithstanding the noise free edge-case, the full process 528

introduced in this paper is thus: 529

1) compute ρR by ICI 530

2) compute H ′R by ICM and ICI 531

3) apply Algorithm 1 to ρR and H ′R to obtain ρEI. 532

Algorithm 1: Pseudo-code for computing the extracted
information ρEI given H ′R and ρR.

Result: ρEI

A ∶=H ′R ⊙ ρR;
B ∶= bwlabel(ρR);
mask ∶= zerosLike(ρR);
for i = 1, . . . ,max(B) do

B′ ∶= getlabel(B, i);
if max(B′ ⊙A) ≠ 0 then

mask ∶= mask∣B′;
end

end
ρEI ∶= mask⊙ ρR

Since we use a K-means clustering algorithm with a 533

parametrized number of iterations I , the computational com- 534

plexity for step 1 is O(N2IICIK), for step 2 O(N2IICMK)+ 535

O(N2 ln2N), and for step 3, O(δN2) with δ representing the 536

number of districts. Thus, the computational complexity is 537

O (N2 (IICMK + IICIK + ln2N + δ)) . (33)

We control the values of K, IICI and IICM, while N is the 538

number of signal samples. The theoretical worst-case scenario 539

for δ is o(N2), but in practice δ ≪ N . Thus, complexity is 540

largely driven by N2, just like in [27]. 541

For example, algorithms based on full 2-D entropy computa- 542

tion [25] have the complexity of order N5 as a consequence 543

of dense sampling of entropy windows. 544

V. RESULTS ON REAL AND SYNTHETIC DATA 545

The strength of the presented approach consists in the 546

significant suppression of noise from relevant TF coefficients 547

ρR, allowed by completing information derived from the ICM 548

relevant coefficients H ′R. Based on their characteristic steps, 549

the existing approach that provides ρR as extracted information 550

[27], and the proposed one, will be referred to as K-m/ICI, and 551

K-m/ICI/ICM, respectively. 552

Figure 5 is concerned with comparison of the K-m/ICI and 553

K-m/ICI/ICM performances for real-life data, namely a bat 554

sonar signal, recorded with a sampling frequency of 230.4 kHz 555

and an effective bandwidth of [8 kHz, 80 kHz]1. To confirm 556

the K-m/ICI/ICM method’s versatility, results are computed 557

for two exponents of the well-performing quadratic class 558

TFDs, namely the Smoothed Pseudo WVD (SPWVD), and the 559

Zhao-Atlas-Marks (ZAM) distribution [1]. The noisy TFDs 560

1This recording was part of the research program RCP 445 supported by
CNRS (Centre National de la Recherche Scientifique, France), [46].
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are reported in Figs. 5(a), and (e). The supports of relevant561

coefficients H ′R and ρR are reported in Figs. 5(b), and (f).562

Extracted information is reported in Figs. 5(c), and (g) for the563

K-m/ICI method, while the proposed K-m/ICI/ICM approach564

achieves results shown in Figs. 5(d), and (h).565

For real data, lacking a noise-free signal counterpart needed566

for objective performance evaluation, the visual assessment567

suggests the superiority of the method when compared to the568

K-m/ICI approach. That needs to be confirmed by numerical569

evidence on synthetic data.570

To validate the performance of the proposed algorithm three571

synthetic signals are considered, referred to as Sig 1, Sig 2,572

and Sig 3; the sparse signals’ TFDs are reported in Figs. 6(a),573

(b), and (c), respectively. TFDs of their noisy equivalents are574

shown in Figs. 7(a), (e), and (i). Signals’ analytic forms and575

parameters are reported in Table II.576

Each of the three test signals consists of multiple compo-577

nents with different FM. In the case of Sig 2 the signal compo-578

nents overlap in the TF plane. However, the UIC is intended as579

a whole, setting aside whether its structure is characterized by580

well separated components or overlapping ones. Thus, lack of581

components’ separability is not an impediment for the method582

performance.583

The supports of relevant coefficients H ′R and ρR are584

reported in Figs. 7(b), (f), and (j).585

The extracted information is reported in Figs. 7(c), (g), and586

(k) for the K-m/ICI method, in comparison to the results587

provided by the K-m/ICI/ICM method and shown in Figs. 7(d),588

(h), and (l). Visual evaluation of the results obtained by589

the compared methods reveals the impression of significantly590

better performance achieved by the proposed method.591

For numerical assessment of the performances of the592

method, the error rate measure of the extracted information593

is adopted. To compute the error rate, the denoised TFD is594

subtracted from one reference, noise-free TFD of the analyzed595

signal, representing the signal UIC. The total number of596

residual non-zero coefficients corresponds to the sum of false-597

positive (FP), and false-negative (FN) errors.598

The reported results are based on 1000 independent real-599

izations of additive white Gaussian noise (AWGN) for six600

different noise levels. The error rate is considered as a per-601

centage of the N × N -dimensional set of observations. This602

criterion considers both the residual noise in the extracted603

information (FP) and the unintentionally removed parts of604

the signal components (FN). The TFDs are computed by the605

spectrogram with Hamming window at each consecutive time606

step of N samples. The window of length W is zero-padded607

to N samples, being also the number of the spectrogram’s608

frequency bins. For the results reported in this section the609

window is of length W = 85.610

Insight into the performance of the proposed K-m/ICI/ICM611

extraction method is given in Table III. For comparison, apart612

from the K-m/ICI algorithm [27], results are reported for613

the local Rényi entropy extraction method (LRE) [26] and614

hard thresholding (HT) [8], [10], [14]. The K-m/ICI/ICM,615

K-m/ICI, and LRE, which require initial data segmentation,616

are computed for K = 9, while the HT removes all the617

TFD coefficients not exceeding 5% of the TFD maximum.618

As shown in Table III, for the reported simulation set, the 619

K-m/ICI/ICM outperforms the other methods in 14 out of 620

18 trials (one trial corresponds to 1000 realizations average 621

for a particular SNR), with the absolute prevalence of the K- 622

m/ICI/ICM in the −6 to 0dB SNR range. 623

Exceptions to the general outperformance of the K- 624

m/ICI/ICM occur for the trials Sig1 3dB and Sig3 6dB, 625

where the HT achieves best performances, improving the K- 626

m/ICI/ICM by 27% and 25%, respectively, followed by the 627

LRE. Yet, due to its poor adaptability, the HT underperforms 628

on the rest of the simulation set, particularly in the lower SNR 629

range (HT error rate improved by the K-m/ICI/ICM by up to 630

73%). It should be noted that differently set hard thresholds 631

would achieve different results; however, for real data, in the 632

lack of a reference noise-free signal, the user cannot gauge 633

the best-performing one. The K-m/ICI/ICM and LRE perform 634

similarly for Sig 2 9dB, while the methods act differently in 635

lower SNRs, with decisive prevalence of the K-m/ICI/ICM, 636

exhibiting the most significant advantage for the trial Sig 2 637

6dB (LRE improved by 33%). 638

Comparison with the K-m/ICI points out the benefits of 639

using additional information from the ICM in terms of error 640

rate reduction. In fact, the proposed method outperforms the 641

existing one over the entire simulation set, except for Sig 1 642

9dB, where, due to negligible noise presence, the two methods 643

achieve an equal result. 644

A more detailed comparison of the error distribution of the 645

K-m/ICI/ICM and K-m/ICI is given in Fig. 8. For the three 646

test signals, it can be observed that the proposed method 647

almost exclusively affects the FP error component, approxi- 648

mately halving it in the range from low to moderate SNR. 649

Dependency of the method performance on the number of 650

classes K in terms of error rate, reported in Fig. 9, confirms 651

the analysis in Section IV-A3. Larger error rate results from the 652

extreme values of K in Fig. 9. Rough partitioning, when K is 653

small, penalizes UIC’s small coefficients, outweighing the FN 654

error rate component. In contrast, as K increases, structural 655

differences between classes even out, losing the criterion for 656

their discrimination. As a result, FP estimates become the 657

dominant error rate component. However, as visible in Fig. 9, 658

for the tested values the span of the parameter K from 7 to 659

10 provides a fair trade-off between FP and FN estimates. 660

A final note inspects the behaviour of the proposed method 661

with respect to signal’s amplitude modulation in noisy envi- 662

ronments. 663

For this purpose we consider the signal component xn with 664

hyperbolic FM, already reported in Fig. 4, but at this point 665

with variable amplitude modulation, described by 666

An = e
−π (n−N/2.5)

2

(N/1.2)2

√
1 − e−π

(n−N/4)2
(N/3)2 − e−π

(n−N/1.5)2
(N/3)2 . (34)

The signal xn is embedded in AWGN, SNR = −2dB. The 667

spectrograms of the noise-free, and noisy signals are shown 668

in Fig. 10(a), and (b), respectively. The extracted information 669

is reported in Fig. 10(c). Figure 10(d) depicts the super- 670

imposition of UIC and extracted information supports. The 671

extracted information support is classified as TP (violet) and 672

FP (pink) estimates, while undesirably removed parts of the 673
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TABLE II: Parameters of the test signals from Fig. 7

yn = xn + νn, xn = ∑Ll=1AlnejΦln , 1 ≤ n ≤ N , N = 800

Aln Φln

Sig1 l=1 e
−π (n−N/1.5)

2

(N/2)2 2π(−1.564 ⋅ 10−4n2

+0.300n − 95.093)

l=2 0.75e
−π (n−N/2.5)

2

(N/2.5)2 2π(9.386 ⋅ 10−5n2

+0.249n − 114.943)

Sig2 l=1 2e
−π (n−N/2)

2

(N/2)2 0.073N sin(2π(n−16)
0.7N

+1.523)

+0.49πn − 83.36

l=2 2e
−π (n−N/2)

2

(N/2)2 0.035N sin(2π(n−18)
0.7N

+1.570)

+0.5πn − 0.27

l=3 e
−π (n−N/2)

2

(N/2)2 0.5πn − 200π

Sig3
l=1 rect(n−N/3

N/2 ) 2π(0.300n − 2.826 ⋅ 10−4n2

+2.352 ⋅ 10−7n3)

l=2 rect(n−N/3
N/2 ) 2π(0.500n − 2.826 ⋅ 10−4n2

+2.352 ⋅ 10−7n3)

l=3 rect(n−N/1.33
N/3.2 ) 2π(0.501n − 5.500 ⋅ 10−4n2

+3.923 ⋅ 10−7n3)

l=4 rect(n−N/1.33
N/3.2 ) 2π(0.250n − 4.711 ⋅ 10−4n2

+4.702 ⋅ 10−7n3)

TABLE III: Performance comparison for signals in Figs. 6 and
7. Values are averaged from 1000 simulations of the signal
with different realizations of AWGN.

Error rate [%]

SNR [dB] -6 -3 0 3 6 9

Sig1
K-m/ICI/ICM 9.29 6.90 5.44 5.65 2.99 2.49
K-m/ICI 12.18 9.87 9.50 8.09 4.21 2.49
HT 34.03 18.23 7.43 4.10 3.88 3.79

LRE 11.51 9.24 6.90 4.32 3.02 2.51

Sig2
K-m/ICI/ICM 15.94 13.02 10.10 7.20 5.70 4.08

K-m/ICI 18.43 15.29 11.99 8.07 9.51 4.07

HT 39.04 25.97 13.85 7.99 7.08 7.09

LRE 17.84 15.22 12.91 8.00 8.54 4.01

Sig3
K-m/ICI/ICM 18.36 14.37 10.79 8.41 9.35 4.73
K-m/ICI 21.00 16.41 12.60 10.99 12.17 5.28

HT 43.19 32.73 20.67 11.04 7.02 6.51

LRE 19.74 16.36 12.70 10.49 7.51 5.14

UIC represent FN estimates (turquoise). The UIC, clearly,674

consists of the union of the TP and FN estimates. As visible675

from Fig. 10(d), loss of UIC (FN) is limited and present mostly676

at the margins of the signal components.677

On the other hand, FP estimates are usually regions contiguous678

to the support of the UIC, and are thus inevitably extracted679

since being part of the same districts of relevant TF coefficients680

as signal components. Since FP peaks are not likely to appear681

as separated signal components, a peak-detection-and-tracking682

IF estimation technique [12], [47] will likely disregard them.683

VI. CONCLUSION 684

We present a novel method for automatic extraction of 685

useful information from TFDs of noisy signals. The method 686

combines information obtained from two TF substrates of the 687

noisy signal: the newly introduced inverse complexity map 688

(ICM), and the energy distribution. 689

The ICM approach introduced in this paper gives an 690

entropy-based insight into the TFD signal structure, consis- 691

tently acting as an amplitude-invariant edge detection mech- 692

anism, while the more traditional energy distribution analysis 693

identifies patches of higher energy content. 694

We find that these two approaches result in mostly disjoint 695

TF supports, overlapping only in the proximity of the signal 696

components. This behaviour is also a result of intrinsic struc- 697

tural characteristics of the TFD. 698

Thus, the intersection of TF substrates’ supports prove 699

reliable markers for useful information detection. 700

Compared to useful information extraction from the sole 701

TF energy distribution, the proposed method exhibits a signif- 702

icantly reduced error rate. 703

Furthermore, combining the ICI and α-Rényi methods can 704

produce a new family of entropy-based edge detection algo- 705

rithms, perhaps even extensible to higher-order UIC detection. 706

REFERENCES 707

[1] B. Boashash, Time frequency signal analysis and processing: A compre- 708

hensive reference. Elsevier Academic Press, 2016. 709

[2] B. Boashash, Estimating and interpreting the instantaneous frequency of 710

a signal-part 1: Fundamentals, in Proceedings of the IEEE, vol.80, no.4, 711

1992, pp. 520-538, doi: 10.1109/5.135376. 712

[3] B. Boashash, Interpreting and estimating the instantaneous frequency 713

of a signal-Part 2: Algorithms and Applications, in Proceedings of the 714

IEEE, vol.80, no.4, 1992, pp.540-568, doi: 10.1109/5.135378. 715

[4] L. Cohen, Time-frequency distributions-a review, in Proceedings of the 716

IEEE, vol.77, no.7, 1989, pp. 941-981, doi: 10.1109/5.30749 717

[5] P. Flandrin, Time-Frequency/Time-Scale Analysis. Academic Press, San 718

Diego, CA, 1999. 719

[6] F. Hlawatsch, and G. F. Boudreaux-Bartels, Linear and quadratic time- 720

frequency signal representation, in IEEE Signal Processing Magazine, 721

vol.9, no.2, 1992, pp. 21-67, doi: 10.1109/79.127284. 722

[7] P. Flandrin, and P. Borgnat, Time-frequency energy distributions meet 723

compressed sensing, in IEEE Transactions on Signal Processing, vol.58, 724

no.6, 2010, pp. 2974-2982, doi:10.1109/TSP.2010.2044839. 725

[8] N. Linh-Trung, A. Belouchrani, K. Abed-Meraim, and B. Boashash, 726

Separating more sources than sensors using time-frequency distributions, 727

in EURASIP Journal on Advances in Signal Processing, vol.2005, no.17, 728

2005, pp. 2828–2847. https://doi.org/10.1155/ASP.2005.2828. 729

[9] J. Lerga, N. Saulig, R. Lerga, and I. Štajduhar, TFD thresholding in 730
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Fig. 8: Averages of false positives and false negatives across SNRs for Sig1, Sig2, and Sig3, respectively.
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Fig. 9: Error rate for different number of classes K for Sig1, Sig2, and Sig3, respectively.

Fig. 10: Spectrogram of the noise-free signal (a). Noisy spectrogram (AWGN, SNR = −2dB) (b). Information extracted by the proposed
method (c). Supports of correctly classified coefficients (TP and TN), and incorrectly classified coefficients (FP and FN) (d).
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Miloš Milovanović has received MS degree in 889

Mathematics at the University of Belgrade, Serbia 890

in 2008 and PhD degree in Applied Mathematics at 891

the Faculty of Technical Engineering, University of 892

Novi Sad, Serbia in 2013. His research concerns sta- 893

tistical signal processing, complex systems physics 894

and neuroaesthetics. It is supported by the Ministry 895

of Science, Technological Development and Innova- 896

tion of the Republic of Serbia through Mathematical 897

Institute of the Serbian Academy of Sciences and 898

Arts. 899
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